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Notation, Definition

Notation: M, : set of m x n real or complex matrices
H, ={A € M, : A = A*}: set of Hermitian matrices
U,={A eM,:A*A = I,} set of unitary matrices
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Notation, Definition

Notation: M, : set of m x n real or complex matrices

H, ={A € M, : A = A*}: set of Hermitian matrices

U,={A eM,:A*A = I,} set of unitary matrices

Definition:

1. A,B € M,, are orthogonal, denoted by A | B, if A*B=AB* = 0.
Hence A and B have disjoint ranges and kernels.

2. A € M, is Hermitian if A* = A.

2. A € M, is idempotent if A2 = A.

3. A € M, is projection if A> = A = A*.
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Herm. /idem. /proj., what can we say?
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Determinant preserver on M, (C)

Notation. M, (F): set of n x n matrices over field F (character. not 2).

Theorem (Frobenius, 1897)

Let L : M,(C) — M,(C) be a linear map satisfying det(L(A)) = detA
< Jinvertible matrices M, N € M,(C) with det(MN) = 1 s.t.
L(A)=MAN YAcM,(C) or LA =MAN VAcM,(C).
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Theorem (Dieudonné, 1949)

Let L : M,(C) — M,(C) be a bijective linear map sending singular
matrices to singular matrices < 3 invertible matrices M,N € M,(C) s.t.
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Some well known results if L is linear.

Q1: If alinear map @ : M, — M,, preserves Herm. /idem. /proj.,
what can we say?
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Q1: If alinear map @ : M, — M,, preserves Herm. /idem. /proj.,
what can we say?

Theorem (dePillis, 1967)

Let L : M,(C) — M,,(C) be a linear map preserving Hermitian. Then L
!

is hermitian-preserving iff L(A) = > «;V}AV; for some [, o; = £1.
i=1
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Theorem (dePillis, 1967)

Let L : M,(C) — M,,(C) be a linear map preserving Hermitian. Then L
!

is hermitian-preserving iff L(A) = > «;V}AV; for some [, o; = £1.
i=1

Definition: Let L : M,, — M,,, be an additive map.

1. Lis a Jordan homomorphism if L(A?) = L(A)?, or equivalently,
L(AB+ BA) = L(A)L(B) + L(B)L(A) VA,BeM,
2. Lis an algebra or a ring or a Jordan *-homomorphism if L is an
algebra, a ring or a homomorphism with L(A*) = L(A)*
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Some well known results if L is linear.

Theorem (Bresar, Semrl, 1993)

Let L : M,(C) — M, (C) be a linear map. Then
1. L sends idem. to idem. < L is Jordan homomorphism.
2. L sends proj. to proj. < L is Jordan *-homomorphism.
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Some well known results if L is linear.

Theorem (Bresar, Semrl, 1993)

Let L : M,(C) — M, (C) be a linear map. Then
1. L sends idem. to idem. < L is Jordan homomorphism.
2. L sends proj. to proj. < L is Jordan *-homomorphism.

A\

Theorem (Yao, Cao, Zhang, 2009; LTWW)

Suppose L : M,, — M, is a linear Jordan homomorphism. Then
dp,q € Z* with n(p + q) = r < m, s.t. L has the form
I, ®A
A S I, ®A )S—l for some invertible S € M,,.
Om—r

Moreover, L(A*) = L(A)*, then S can be chosen to be unitary.

v
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Q2: Could we weaken assumption? How about additive map?
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weaken linearity by additivity

Theorem (Cho, Zhang, 1996)

F = C or R. An additive map L : M,, — M, sending idem. to idem. Then

(1) L(A) = o(2rA), for an additive o : F — M,, with o(1) = 0.

(2) L(A) = S(A, + o(trA))S~!, for injective endomorphism 7 on F with
7(1) = 1, invertible S € M,,, o in (1). Here A, = (7(a;)) if A = (ay).

) L(A) = S(AL + o(trA))S~!, for o, 7, P in (2).
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) L(A) = S(AL + o(trA))S~!, for o, 7, P in (2).

Theorem (Yao, Cao, Zhang, 2009)

F = C or R. Given n > 3. An additive map L : M,, — M,, sending idem.
to idem. < 3 p,q € Z* with n(p + q) = r < m, additive group homo.
o:F — M, with o(1) = 0, invertible S € M,, s.t. L has the form

A S[(I, 2A) @ (I, ® A") @ 0, ]S™! + o (trA).

A\
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Note: They use a pure ring theoretical argument.
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weakenitby A — AB:idem. < L(A) — AL(B): idem.
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weakenitby A — AB:idem. < L(A) — AL(B): idem.

Note. Lislinear= A — AB:idem. < L(A) — AL(B): idem.

Theorem (Semrl, 2003)
A bijective continuous map L : M,(C) — M, (C) satisfying
A — AB:idem. < L(A) — AL(B): idem. VA,Be M,(C), AeC

< Jinvertible matrix S € M,, s.t.
L(A) = SAS™! VA€ M,(C) or L(A)=SA'S"! VAeM,(C).
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A bijective continuous map L : M,(C) — M, (C) satisfying
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additive map L : H, — M,, preserves Herm. idem.

Q: If an additive map L : H, — M,, (M, — M,,), sends Herm.
idem. to Herm. idem., what can we say?

Ming-Cheng Tsai ( Taiwan University, 2022) Hermitian idempotent preservers January 17, 2022 8/28



additive map L : H, — M,, preserves Herm. idem.

Q: If an additive map L : H, — M,, (M, — M,,), sends Herm.
idem. to Herm. idem., what can we say?

Recall: If alinear map L : M,(C) — M,,(C) sending proj. to proj., then
dp,q € Z* with n(p + q) = r < m, s.t. L has the form
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Q: If an additive map L : H, — M,, (M, — M,,), sends Herm.
idem. to Herm. idem., what can we say?

Recall: If alinear map L : M,(C) — M,,(C) sending proj. to proj., then
dp,q € Z* with n(p + q) = r < m, s.t. L has the form

I, ®A
A U( ' I, @A )U* for some unitary U € M,,.
omfr

Theorem (LTWW)

An additive map L : H, — M,,, sending (rank< 2) Herm. idem. to
Herm. idem. < 3 p,q > 0, n(p + q) = r < m, unitary U € M,, s.t.

I, ® A 0 0
L(A) = U( 0 L,®A 0 )U*. VY A € H,, with rational trace.
0 0 Opr

Note. ltalso holdsif L : H, — M,, is replaced by L : M,, — M,,.
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Note: 1. An additive map L : H, — M,, is exactly rational linear, but

may not be real linear.
I, ®A 0 0

2.L(A) = ( 0 LA 0) U* VA e H, with rational trace
0 0 0

U
& (1) L(al,) = U(adpyq @ 0)U* ¥ rational number «, and
(2) L(A) = U[(l, ® A) @ (I, ® A") @ 0]U* V A € H,, with tr(A) = 0.
3. We have no control on L(A) when A does not have rational trace.
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(2) T(A) can be arbitrary when A does not have rational trace.
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Lemma 1, Lemma 2

If L: H, — M, additive, preserves Herm. idem., then
L(P) <L(Q) VYV Herm.idem.P, Q€ H,, P <Q.

Pf. 3P,st. Q=P+ P,PLP . L(Q)=L(P)+L(P)>L(P).
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If L: H, — M, additive, preserves Herm. idem., then
L(P) <L(Q) VYV Herm.idem.P, Q€ H,, P <Q.

Pf. 3P,st. Q=P+ P,PLP . L(Q)=L(P)+L(P)>L(P).

If L: H, — M, is additive, sending (rank< 2) Herm. idem. to Herm.
idem., then L is real linear on the set of trace zero Hermitian matrices.
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" L(E; + Ejj) = L(E;;) + L(Ej;) is Herm. idem., ... L(E;;) L L(Ej).
We may assume that 4 U € U,, s.i.
L(E;) =U(I, ®0,®0)U*, L(E;) =U(0,®1,®0)U*.
May assume that U =1,,i=1,j=2.
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Proof of Lemma 2

2. Let oy > 0, {an} — 0, Qn = a,,(EU . Ezz),
Vn,letr, with0 < o, < r, <2aq,

ko= (3 )@OAi - =

Then Ey| +Exn > 5 (R + AF): rank one Herm. idem..
ThUS Jysg ©0 > 2 (L(R) £ L)) L(R) = ra(lpsq ©0),
’"n( pt+q ©0) < L(Ai) < (1, ptq ©0).
L IL(@a)| = 15 ( 7) LA < rall(lp4g ©0)|| < 20 — 0
Hence L(ow(Eii — Ejj)) = 0 V # J.
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Then Ey| +Exn > 5 (R + AF): rank one Herm. idem..

ThUS Jysg ©0 > 2 (L(R) £ L)) L(R) = ra(lpsq ©0),
~Tn(Iytq ®0) < L(AE) < ry(Ipiq ®0).

L IL(@a)| = 15 (A+) + LA < rall(Ipq ® 0)[| < 20, — 0
Hence L(an(E” —Ej;)—0 V # J.

B.VA=E;—E;cH,i#j . a>0,3q,>0,q,— .

L(aA) = L(gnA) + L((o — gn)A) = quL(A) + L((a — gn)A) — aL(A).
4. -V Herm. A with 7rA = 0, A =diag(ai,...,a,) =
ai(Evi —Exn)+(ax+a1)(Ex—Es)+- -+ (an—1+- - +a1)(Ex—1 n—1 —Enn)-

. A ais real linear combination of matrices E; — Ej; for some i # j.
Hence L(aA) = aL(A) V a € R.
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Sketch proof

Theorem (LTWW)

An additive map L : H, — M,,, sending (rank< 2) Herm. idem. to
Herm. idem. < 3 p,q > 0, n(p + q) = r < m, unitary U € M,, s.t.

I, @A 0 0
L(A) = U( 0 L®A 0 )U*. V A € H, with rational trace
0 0 Om—r
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An additive map L : H, — M,,, sending (rank< 2) Herm. idem. to
Herm. idem. < 3 p,q > 0, n(p + q) = r < m, unitary U € M,, s.t.

I, @A 0 0
L(A) = U( 0 L®A 0 )U*. V A € H, with rational trace
0 0 Om—r

Main idea of —: Notethat VA € H,, A = [A — tr(A)L,] + tr(A)I,.
Define a real linear map L : H, — M,, by
L(A) = L(A) if A € H, with trA = 0, and L(al,) = oL(I,) Vo € R.
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1. Assume that F = C. Define a complex linear map L : M,, — M,, by
L(H +iG) = L(H) +iL(G) for H,G € H,,.

3. - L sends orthog. rank one Herm. idem. to orthog. Herm. idem.,
. L sends proj. to proj. Thus L is a Jordan x-homomorphism.
L:A=U[I,®A)® (I, @A) ©0]U* VA EM,.

Hence L(A) = L(A) V A € H, with rational trace.
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Sketch proof

4. Assume that F = R. We use other approach.

5.L:H, — M, is areal linear map sending orthog. real symm. idem.
to orthog. real symm. idem.,
.. L preserves zero products (AB = 0 = L(A)L(B) = 0)
May assume L(1,) = I; & 0,,_,. Moreover, assume m = s, L(I,) = I
LEj) =0, & &L, ®0,, & @0, k+-+k =s.

13/28
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Sketch proof

4. Assume that F = R. We use other approach.
5.L:H, — M, is areal linear map sending orthog. real symm. idem.
to orthog. real symm. idem.,
. L preserves zero products (AB = 0 = L(A)L(B) = 0)
May assume L(I,) = I, ® 0,,_,. Moreover, assume m = s, L(I,,) = I
LEj) =0, & &L, ®0,, & @0, k+-+k =s.

6. Let B = Z,(Elz +E21) = (B“ Blz) EBO Bl S Mkl,kls BZ S Mkz,kz-

By Bx
Choose X = (] ) @0, X, = ("] @o,yeR
ThenX; L X, = Z(X]) L L(Xz) = Bi1 =By = ki =ky,By By =1.
Similarly, k; = --- = k, = k. Thus s = nk.

Similarly, may assume L(Ey; + Ej1) = (Eyy + Ejn) @ Iy j=1,
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Similarly, may assume L(Ey; + Ej1) = (Ey; + Ej1) ®Ik j=1,
7.0 L(Ej+Ej) LLIEW) =L ® 05— Yi,j=2,.
L(E; + Ej;) are contained in (0 © Is_k)Ms(Ok @ Is_k).
8. By induction, L(E; + Ej;) = (Ej + Ei) ® Ik Vi,j=1,...,n.
By permutation similarity, may assume L(E; + E;;) = Ik ® (Ej + Ej)
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Corollary

Corollary (LTWW)

An additive map L : M,, — M,,, sending (rank< 2) Herm. idem. to
Herm. idem. < 3p,q > 0,n(p+ q) = r < m, unitary U € M,, s.t.

L®A 0 0 . _
L(A) = U( 0 IL,®A 0 )U*. V A € H, with rational trace
0 0 Ow,
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0 0 Ow,

Corollary (LTWW)
An additive map L : H, — M,,, sending (rank< 2) Herm. idem. to Herm.

idem. < Junitary U € M,, s.t.
L(A) = UAU* or L(A)=UA'U* Y A € H, with rational trace
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Corollary (LTWW)

An additive map L : H, — M,,, sending (rank< 2) Herm. idem. to Herm.
idem. < Junitary U € M,, s.t.
L(A) = UAU* or L(A)=UA'U* Y A € H, with rational trace

Note: 1. An additive map L(A) = UAU* or L(A) = UA'U* VA€ H,
with rational trace is equivalent to L(1,) = I,,, and
L(A) = UAU* or L(A)=UA'U* V A € H, withtr(A) =0.
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Q: Could we extend it to infinite dimensional space?

Ming-Cheng Tsai ( Taiwan University, 2022) Hermitian idempotent preservers January 17, 2022 14/28



Corollary

Corollary (LTWW)

An additive map L : M,, — M,,, sending (rank< 2) Herm. idem. to
Herm. idem. < 3p,q >0, n(p + q) = r < m, unitary U € M,, s.t.

L®A 0 0 . .
L(A) = U( 0 IL,®A 0 )U*. V A € H, with rational trace
0 0 Ow,

Corollary (LTWW)

An additive map L : H, — M,,, sending (rank< 2) Herm. idem. to Herm.
idem. < Junitary U € M,, s.t.
L(A) = UAU* or L(A)=UA'U* Y A € H, with rational trace

Note: 1. An additive map L(A) = UAU* or L(A) = UA'U* VA€ H,
with rational trace is equivalent to L(1,) = I,,, and
L(A) = UAU* or L(A)=UA'U* V A € H, withtr(A) =0.
Q: Could we extend it to infinite dimensional space?

Ming-Cheng Tsai ( Taiwan University, 2022) Hermitian idempotent preservers January 17, 2022 14/28



von Neumann algebra setting

Recall:

Theorem (LTWW)

An additive map L : H, — M,,, sending (rank< 2) Herm. idem. to
Herm. idem. < 3 p,q > 0, n(p + q) = r < m, unitary U € M,, s.t.

I, ®A 0 0 . ]
L(A) = U( 0 L,®A 0 )U*. V A € H,, with rational trace
0 0 Om—r
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von Neumann algebra setting

Recall:

Theorem (LTWW)

An additive map L : H, — M,,, sending (rank< 2) Herm. idem. to
Herm. idem. < 3 p,q > 0, n(p + q) = r < m, unitary U € M,, s.t.

I, A 0 0 _ .
L(A) = U( 0 L®A 0 )U*. V A € H, with rational trace
0 0 Om—r

Definition 1. P(M,): the lattice of n x n Herm. idem..
2. spangP(M,): the rational linear span of Herm. idem. in H,

Note. 1. spangP(M,) consists of n x n Hermitian matrices with rational
trace. (Fillmore, 1969)
(A € M,(C) is sum of proj. < A > 0, tr(A) is integer, tr(A) > rankA)
2. L is a Jordan x-homomorphism on spangP(M,).
3. We extend this result to the (complex) von Neumann algebra setting.
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Theorem

Theorem (LTWW)

Letn > 1, K: Hilbert space. L : H, — B(K): a nonzero additive Herm.
idem. preserver. Then dim K > n, & 3 unitary U, orthogonal Herm.
idem. I,,I; € B(K) s.t.

AQI, 0 0
L(A) = U[ 0  A'QI 0] U* VA€ spangP(M,).
0 0 0
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Theorem (LTWW)

Letn > 1, K: Hilbert space. L : H, — B(K): a nonzero additive Herm.
idem. preserver. Then dim K > n, & 3 unitary U, orthogonal Herm.
idem. I,,I; € B(K) s.t.
A®L 0 0
L(A) = U{ 0  A'QI 0] U* VA€ spangP(M,).
0

0 0

Theorem (LTWW)

H: separable complex Hilbert space. L : B(H)s, — B(H): a nonzero
additive map preserving Herm. idem.. Then 3 unitary U, orthogonal
projections I, I; € B(K) s.t.
AQL 0 0
L(A) = U[ 0 A'QI 0] U* VAe€B(H)g.
0 0 0
Here, A’": transpose of A w.r.t. some fixed o.n.b. of K.

Note. B(H)s,: the set of the self-adjoint part of B(H).
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Dye Theorem

Definition: 1. B(H): bounded linear operators on Hilbert space H.

2. M is von Neumann algebra (resp., C*-algebra): a weak operator
topology (resp., norm topology) closed, x-subalgebra of B(H).

3. My,: the set of the self-adjoint part of M.

4. P(M): the lattice of Herm. idem. in M.

5. spangP(M): the rational linear span of Herm. idem. in M.
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Dye Theorem

Definition: 1. B(H): bounded linear operators on Hilbert space H.

2. M is von Neumann algebra (resp., C*-algebra): a weak operator
topology (resp., norm topology) closed, x-subalgebra of B(H).

3. My,: the set of the self-adjoint part of M.

4. P(M): the lattice of Herm. idem. in M.

5. spangP(M): the rational linear span of Herm. idem. in M.

Theorem (Dye, 1955)

M, N: von Neumann algebras s.t. M does not contain a direct type I,
summand, then any bijective map L : P(M) — P(N) sending orthogonal
Herm. idem. to orthogonal Herm. idem. extends uniquely to a Jordan
x-isomorphism between the whole algebras.
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Bunce and Wright: Non-bijective version of Dye Thm

Note. We need stronger condition on non-bijective version of Dye Thm.
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Bunce and Wright: Non-bijective version of Dye Thm

Note. We need stronger condition on non-bijective version of Dye Thm.
Definition:
1. Lis an orthomorphism if L sends every orthogonal Herm. idem. P, Q

to orthogonal Herm. idem. L(P),L(Q) s.t. L(PV Q) = L(P) V L(Q).
2. L is an orthomorphism < L is orthogonally additive

Thatis, L(P + Q) = L(P) + L(Q) when P, Q: orthogonal Herm. idem.
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Bunce and Wright: Non-bijective version of Dye Thm

Note. We need stronger condition on non-bijective version of Dye Thm.
Definition:
1. Lis an orthomorphism if L sends every orthogonal Herm. idem. P, Q
to orthogonal Herm. idem. L(P),L(Q) s.t. L(PV Q) = L(P) V L(Q).
2. L is an orthomorphism < L is orthogonally additive
Thatis, L(P + Q) = L(P) + L(Q) when P, Q: orthogonal Herm. idem.

Theorem (Bunce, Wright, 1993)

M: a von Neumann algebra without type I, direct summand and B: a
C*-algebra. For every orthomorphism L : P(M) — P(B), there is a
Jordan s-homomorphism J : M — B extending L
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Bunce and Wright: Non-bijective version of Dye Thm
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Note. Bunce and Wright Theorem does not hold when M contains I,.
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Note. Bunce and Wright Theorem does not hold when M contains I,.
Ex: M,: von Neumann algebra.
The nontrivial proj. in M, is P(M>) \ {0, 1}

= {( 1y/2:;x ly/;jzx ) X Z€R, sttt +yP+ 7= (1/2)2}.

And orthogonal complement of
. 1/24+x  y+iz p . 1/2—x —-y—iz
P_< y—iz l/2—x) IS I2_P_<—y+iz 1/2+X>'
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Note. Bunce and Wright Theorem does not hold when M contains I,.
Ex: M,: von Neumann algebra.
The nontrivial proj. in M, is P(M>) \ {0, 1}

= ( 1y/2:;x ly/;“fx ) X,z E€ER, st +yr 4+ = (1/2)2}.
And orthogonal complement of

o 1)24x +i ; o 1)2—x —y—i
P={ 7% 1y/2—zx Is L—-P={ "1/, 1/y2+fc
Consider the bijective map L : P(M,) — P(M,) fixing every Herm.
idem., but exchanging ( (1) 8 ) with ( 8 (1)
Then L preserves orthogonality, and L is orthogonally additive.
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Note. Bunce and Wright Theorem does not hold when M contains I,.
Ex: M,: von Neumann algebra.
The nontrivial proj. in M, is P(M>) \ {0, 1}

= {( 1){2*—’;;( l)};_jzx ) X, y,2€ R, S.t.X2 +y2 +Z2 = (1/2)2}
And orthogonal complement of

o 1/24+x  y+iz p _ p_ 1/2—x —-y—iz
P= 320 1p-x) 18 b=P={ 210 1psx

Consider the bijective map L : P(M,) — P(M,) fixing every Herm.

idem., but exchanging ( (1) 8 ) with ( 8 (1)

Then L preserves orthogonality, and L is orthogonally additive.
But the discontinuous map L cannot extend to any (continuous)
Jordan x-homomorphism (indeed, any linear map either) of

the whole matrix algebra M,.
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von Neumann algebra setting

Let M be a von Neumann algebra and B be a C*-algebra. Let

L : spangP(M) — spangP(B) be an additive map sending Herm. idem.
to Herm. idem.. Then L extends to a Jordan x-homomorphism

J:M — B.
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von Neumann algebra setting

Let M be a von Neumann algebra and B be a C*-algebra. Let

L : spangP(M) — spangP(B) be an additive map sending Herm. idem.
to Herm. idem.. Then L extends to a Jordan x-homomorphism

J:M — B.

Note. Below can be viewed as a supplement of Dye-Bunce-Wright
Theorem which also covers type I, case as stated in above.
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von Neumann algebra setting

Let M be a von Neumann algebra and B be a C*-algebra. Let

L : spangP(M) — spangP(B) be an additive map sending Herm. idem.
to Herm. idem.. Then L extends to a Jordan x-homomorphism

J:M — B.

Note. Below can be viewed as a supplement of Dye-Bunce-Wright
Theorem which also covers type I, case as stated in above.

Theorem
Let M be a von Neumann algebra and B be a C*-algebra. Let
L : My, — B be an additive map sending Herm. idem. to Herm. idem..
Then there is a (complex linear) Jordan x-homomorphism J : M — B
agreeing with L on the non finite type I part; namely,

L((1 —zi)x) =J((1 — z1,)x), Vx € Mg,.
In general, we have L(x) = J(x), Vx € spangP(M).
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D, M, (L> (€Y, 1)) is a finite type 1, factor

Theorem
Let B be a C*-algebra, let (2, 1) be a measure space and let n be an
integern > 2. Let L : M,,(L*>° (2, 1))sa — B be an additive map sending
Herm. idem. to Herm. idem.. Then there is a Jordan s-homomorphism
J: M,(L>®(Q, 1)) — B such that J(A) = L(A) whenever

A € spangP (M, (L>°(Q, p))).

24 /28
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Proposition

Let 6 : M, (C) — M,,(C) be a complex linear map. Then
1. 6 is Jordan homomorphism < 0 sends idempotents to idempotents.
2. 6 is Jordan *-homomorphism < 6 sends projections to projections.

Main idea of 1(«) : Assume # sends idempotents to idempotents.
(1) Show @ sends disjoint idempotents to disjoint idempotents.
(2) Show 6(A?) = (0(A))*ifA = A* € M,
(8) Show 6(BC + CB) = 0(B)0(C) + 6(C)0(B) if B=B*,C =C* € M,
(4) Show 6(A?) = (6(A))* forany A € M,

Therefore 6 is a Jordan homomorphism.
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Proposition

Let 6 : M, (C) — M,,(C) be a complex linear map. Then
1. 6 is Jordan homomorphism < 6 sends idempotents to idempotents.
2. 0 is Jordan *-homomorphism < 6 sends projections to projections.

Pf of 1(«) : Assume 6 sends idempotents to idempotents.

(1) Check 6 sends disjoint idempotents to disjoint idempotents.
Suppose that P, Q are two idempotents s.t. PQ = QP =0. Then P + Q
is also an idempotent, and thus

0(P+ Q) = (0(P) +0(Q))* = 6(P) + 0(P)0(Q) + 0(Q)0(P) + 6(Q).
Hence 0(P)6(Q) = —0(Q)0(P)

= 0(P)0(Q) = 0(P)*0(Q) = —0(P)0(Q)0(P) = 6(Q)0(P)* = 6(Q)0(P) =
0.
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Pf of 1(«=) : Show @ is a Jordan homomorphism.
(1) 6 sends disjoint idempotents to disjoint idempotents.
(2) Check §(A?) = (6(A))* if A = A*
LetA = A* € M,,. Then A =}, AP, for some orthogonal projections
Py. Hence A2 = 3", A\2P;, and thus
0(A%) = 32, AeO(Pr) = (6(4))?.

(3) Check 0(A?) = (A(A))* forany A € M,
LetA =B+ iCwithB=B*C=C* € M,. Since (B+C) = (B+ C)*, we
have 6((B + C)?) = (6(B) + 0(C))>. Hence
9(BC + CB) = 6(B)0(C) + 6(C)0(B). Thus A> = B> + i(BC + CB) — C°.
Therefore

0(A%) = (6(B))* +i(0(B)0(C) + 6(C)0(B)) — (6(C))* = (6(A))*.
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Zero product preserver from S, to M,

Notation. H,(C) the real linear space of self-adjoint matrices in M, (C)

Theorem
Let ®: S, — M, be alinear map. Then T.FA.E.
(1) ®(A) is idempotent whenever A is idempotent with rankA = 1&®

preserves zero products.
(2) 3k € N, invertible S € M, s.t. ® has the form

A st (M54 0 )s

r—kn

v

Furthermore, if ®(A) = ¢(A)" (for all idempotent) matrices A € M, then
S can be chosen to be complex orthogonal.
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